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The two-Higgs-doublet model can be constrained by imposing Higgs-family symmetries and/or
generalized CP symmetries. It is known that there are only six independent classes of such
symmetry-constrained models. We study the CP properties of all cases in the bilinear formal-
ism. An exact symmetry implies CP conservation. We show that soft breaking of the symmetry
can lead to spontaneous CP violation (CPV) in three of the classes.
1. INTRODUCTION AND NOTATION
Experiments will soon probe the electroweak symmetry breaking (EWSB) mechanism. This is achieved in the
Standard Model (SM) with one Higgs doublet. A very simple extension involves two Higgs-field doublets ϕ1 and ϕ2,
required also by supersymmetry. One particular feature of this model that makes it very popular is the possibility
that it has vacua which spontaneously break the CP symmetry. Indeed this was the main reason why Lee introduced
the two-Higgs-doublet model (THDM) in 1973 [1]. In fact, it is known that the amount of CP violation that the
Standard Model displays is insufficient to explain the observed matter-antimatter asymmetry in the universe. As
such, models wherein CP violation arises from other mechanisms are in demand, and the THDM is the simplest such
model. We will investigate whether CP is preserved in the potential, both before and after EWSB. We will consider
all possible symmetry-constrained THDM potentials, both with exact and softly broken symmetries. And we will be
able to conduct this study in an analytical manner, for most cases avoiding direct calculation of the fields’ vacuum
expectation values.
The most general potential of the THDM may be written in terms of fields as [2, 3]
V = m211(ϕ
†
1ϕ1) +m
2
22(ϕ
†
2ϕ2)−m212(ϕ†1ϕ2)− (m212)∗(ϕ†2ϕ1)
+
1
2
λ1(ϕ
†
1ϕ1)
2 +
1
2
λ2(ϕ
†
2ϕ2)
2 + λ3(ϕ
†
1ϕ1)(ϕ
†
2ϕ2)
+λ4(ϕ
†
1ϕ2)(ϕ
†
2ϕ1) +
1
2
[λ5(ϕ
†
1ϕ2)
2 + λ∗5(ϕ
†
2ϕ1)
2]
+[λ6(ϕ
†
1ϕ2) + λ
∗
6(ϕ
†
2ϕ1)](ϕ
†
1ϕ1) + [λ7(ϕ
†
1ϕ2) + λ
∗
7(ϕ
†
2ϕ1)](ϕ
†
2ϕ2) , (1.1)
with m211, m
2
22, λ1,2,3,4 real and m
2
12, λ5,6,7 complex. To study the properties of the Higgs potential, it is oftentimes
easier to write it in terms of field bilinears [4–15]. In [5, 8, 9] a one-to-one correspondence of gauge invariant expressions
with bilinears with a simple geometric interpretation was revealed. In this approach the bilinears form a Minkowski
type four vector. We follow the notation of the Heidelberg group [5, 8] and write V as
V = K˜
T
ξ˜ + K˜
T
E˜K˜ (1.2)
with
K˜ =
(
K0
K
)
, K0 = ϕ
†
1ϕ1 + ϕ
†
2ϕ2, K =
 ϕ†1ϕ2 + ϕ†2ϕ1iϕ†2ϕ1 − iϕ†1ϕ2
ϕ†1ϕ1 − ϕ†2ϕ2
 . (1.3)
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2In (1.2) ξ˜ and E˜ contain the parameters, which are all real:
ξ˜ =
(
ξ0
ξ
)
, E˜ =
(
η00 η
T
η E
)
, (1.4)
with E = ET a 3× 3 matrix. Expressing ξ˜ and E˜ in terms of the parameters of (1.1), we find
ξ0 =
1
2
(m211 +m
2
22) , ξ =
1
2
 −2Re(m212)2Im(m212)
m211 −m222
 , (1.5)
η00 =
1
8
(λ1 + λ2) +
1
4
λ3 , η =
1
4
 Re(λ6 + λ7)−Im(λ6 + λ7)
1
2 (λ1 − λ2)
 , (1.6)
E =
1
4
 λ4 + Re(λ5) −Im(λ5) Re(λ6 − λ7)−Im(λ5) λ4 − Re(λ5) −Im(λ6 − λ7)
Re(λ6 − λ7) −Im(λ6 − λ7) 12 (λ1 + λ2)− λ3
 , (1.7)
When using bilinears one must only take care that, by construction, they are restricted by
K0 ≥ 0, and K20 −K2 ≥ 0. (1.8)
The fields ϕ1 and ϕ2 are not physical, only their mass eigenstates will be physical. Thus, we can choose for general
discussions, for instance of symmetries and their breaking, any linear combination thereof that doesn’t change the
kinetic terms. The physics will have to remain the same for these basis changes, i.e. unitary transformations of the
form (
ϕ1
ϕ2
)
→
(
ϕ′1
ϕ′2
)
= U
(
ϕ1
ϕ2
)
, (1.9)
with U = (Uij) ∈ U(2). In bilinear language, this corresponds to a SO(3) rotation in K space, given by
K0 → K ′0 = K0,
K→ K′ = R(U)K . (1.10)
Here R(U) is obtained from
U†σaU = Rab(U)σb. (1.11)
This freedom of choosing a basis may help to simplify many calculations, but it also may mask the symmetry of a
potential. Thus, basis-invariant methods are advantageous in many problems.
CP properties of the THDM Higgs potential were studied extensively in the literature in a basis-independent
way [9, 11, 12, 14, 16–22]. Here we focus on a study of CP properties in terms of the bilinears. As shown in [11], the
standard CP transformation of the Higgs doublets
ϕi(x)→ ϕ∗i (x′), i = 1, 2 (1.12)
corresponds in K space to
K0(x)→ K0(x′)
K(x)→ diag(1,−1, 1) K(x′). (1.13)
The parity transformation flips the sign of the spatial components in x→ x′. Geometrically, a standard CP transfor-
mation is a reflection of the K vector on the 1–3 plane in a certain basis in addition to the parity transformation of
the argument.
3We shall also consider generalized CP transformations (GCPs) as discussed already in [16, 17, 23–28], where the
standard CP transformation is accompanied by a mixing of the Higgs fields:
ϕi(x)→ Xijϕ∗j (x′), i, j = 1, 2 , (1.14)
with X = (Xij) ∈ U(2). In a suitable basis for the fields the matrix X in (1.14) can always be brought to the form [27]
X =
(
cos(θ) sin(θ)
− sin(θ) cos(θ)
)
, with 0 ≤ θ ≤ pi/2. (1.15)
These transformations were classified in [11, 29]. Following here the notation in [29] we have
CP1 if θ = 0,
CP2 if θ = pi/2,
CP3 if 0 < θ < pi/2.
(1.16)
In K space the GCP transformations (1.14) correspond to the improper rotations
K(x)→ R¯ K(x′) (1.17)
with
R¯ =
cos(2θ) 0 − sin(2θ)0 −1 0
sin(2θ) 0 cos(2θ)
 , 0 ≤ θ ≤ pi/2 (1.18)
in the specific basis where X has the form (1.15). From this representation we identify CP1 as reflections on planes
and CP2 as the point reflection at the origin in addition to the parity transformation of the argument.
We emphasize that the symmetries CP1, CP2, and CP3 are independent symmetries, which may be imposed on
the Lagrangian. However, considering only the THDM scalar sector, invariance under CP2 or CP3 implies invariance
under CP1, as shown in [29]. This will also be seen directly from the discussion in section 2 below. Furthermore,
considering only the scalar sector, no Higgs basis is preferred and, a priori, any GCP transformation of type CP1
is as good as any other to be called the CP transformation. In the sequel, we will, therefore, simply talk about CP
symmetry, CP conservation, and CP violation and drop the notation generalized.
In the following, we will use basis-invariant quantities, that is, quantities invariant under the transformations (1.9),
respectively in K space, the rotations (1.10). We shall also work in bases which are clearly singled out by the problem
at hand. This can be the basis implied by (1.15), respectively (1.18), or the basis where E is diagonal. Note that the
eigenvalues of E and the angle θ in (1.15), (1.18) are basis independent quantities. For the eigenvalues of E this is so
by construction. To see this for the angle θ we note that by a basis transformation (1.9) X in (1.14) is replaced by
X ′ = UXUT . (1.19)
This implies
X ′X ′∗ = UXX∗U† . (1.20)
It is easy to see from (1.15) that exp(±2iθ) are the eigenvalues of XX∗ in the standard form. But using (1.20) we
see that these are then also the eigenvalues of XX∗ in any basis, that is, θ is basis independent.
One can construct basis invariant quantities which measure explicit CP violation at the level of the THDM La-
grangian, that is, before EWSB [9, 11, 18–22]. In terms of the potential parameters (1.5)–(1.7) a convenient set of
such quantities (see theorem 3 of [11]) is given by [40]
I1 = (ξ × η)T Eξ, (1.21)
I2 = (ξ × η)T Eη, (1.22)
I3 = (ξ × (Eξ))T E2ξ, (1.23)
I4 = (η × (Eη))T E2η. (1.24)
4The theory is CP conserving at the Lagrangian level, meaning that it allows for at least one CP transformation as a
symmetry, if and only if all I ′s vanish.
Suppose now that the Higgs potential is indeed invariant under at least one CP transformation, that is, all I’s
vanish. Then, there is at least one CP invariance respected simultaneously at the Lagrangian level and by the vacuum
if also the three following basis-invariant quantities vanish [41],
J1 = (ξ × η)T 〈K〉, (1.25)
J2 = (ξ × (Eξ))T 〈K〉, (1.26)
J3 = (η × (Eη))T 〈K〉. (1.27)
See theorem 6 of [11] and [16, 17]. Here 〈K〉 denotes the K vector formed by the vacuum expectation values 〈ϕi〉
of the fields according to (1.3). Let us emphasize that in the case of more than one CP invariance of the theory the
statement is that at least one CP invariance persists after EWSB if J1 = J2 = J3 = 0. In this case we call the Higgs
potential spontaneously CP conserving.
To summarize: the conditions (1.21)-(1.24), (1.25)-(1.27) are relevant to study the theoretical GCP properties of
any given model: i) if all I ′s and J ′s vanish, then there is at least one CP transformation which is conserved at the
Lagrangian level and also after EWSB. Certainly, this CP symmetry would then be considered as the CP symmetry
of the theory. This means that any CP violating experiment, such as a particle/antiparticle decay asymmetry, will
yield null results. In the following we call this the no CP violating case – but note the caveat below. ii) If all I ′s
vanish and at least one J does not, then there is spontaneous CP violation. iii) If at least one I differs from zero,
then the theory has explicit CP violation. We caution the reader regarding the following fact. A theory may have
more than one GCP transformation as a symmetry before EWSB. In this case the vanishing of all I ′s and J ′s means
that, out of these GCP symmetries, at least one is preserved by the vacuum. As such, it will be possible to define
particles (scalars and pseudoscalars) which are CP eigenstates, which affects the way they couple to the Z boson,
for example. However this does not imply that all GCP symmetries are likewise preserved. One such example is the
model discussed in [30] which has, at the Lagrangian level, four GCP symmetries. Of these two are broken by the
vacuum-expectation value, while two other ones are preserved.
The J quantities involve the vacuum-expectation-values (vevs) of the fields. If the theory has a neutral vacuum we
may write without loss of generality
〈ϕ1〉 =
(
0
v1
)
〈ϕ2〉 =
(
0
v2e
i ζ
)
,
(1.28)
where v1 and v2 are real and the standard Higgs vacuum-expectation value is v0 =
√
2(v21 + v
2
2) ≈ 246 GeV. Insert-
ing (1.28) in (1.3) we find
〈K˜〉 =
(〈K0〉
〈K〉
)
=
 v
2
0/2
2v1v2 cos ζ
2v1v2 sin ζ
v21 − v22
 . (1.29)
The vacuum-expectation values are determined by the stationarity conditions. In the field language we need to set
the gradient of the potential to zero. In the bilinear formalism, we must find the solutions of:(
E˜ − ug˜
)
K˜ = −1
2
ξ˜, K20 −K2 = 0, K0 > 0; (1.30)
see section 5 of [8]. Here a Lagrange multiplier u is introduced in order to respect the second constraint of (1.30) and
g˜ = diag(1,−1,−1,−1). We have five equations in five variables K0, K1, K2, K3, u, and one inequality. Of course, one
has to make sure to pick out from the stationary points the absolute minimum of the potential as the vacuum solution.
Note that here we focus on the CP properties of Higgs potentials. For a study of their stability, electroweak symmetry
breaking, and of the solution of (1.30) corresponding to the global minimum we refer to [8]. There, necessary and
sufficient conditions for physically required properties of the potential are given in terms of the bilinear formalism.
We can add, however, that for all models discussed below - with both exact and softly broken symmetries - we were
able to find numerical examples of viable minima. Thus, all classes of models below are of physical interest.
52. SYMMETRIES OF THE THDM
The parameters in (1.1) may be reduced by imposing some symmetry of the type ϕi(x) → Sijϕj(x), or
ϕi(x) → Xijϕ∗j (x′), where S and X belong to U(2). The former are known as family symmetries, the latter as
generalized CP symmetries [23–28]. Recently it has been shown that applying the symmetries with any possible
choices for S and X leads only to six classes of scalar potentials [13, 29].
Let us begin with the family symmetries.
• The Z2 transformation [31, 32] is defined as(
ϕ1
ϕ2
)
→
(
1 0
0 −1
)(
ϕ1
ϕ2
)
. (2.1)
Using (1.3) we find the corresponding transformation in K space:K1K2
K3
→
−1 0 00 −1 0
0 0 1
K1K2
K3
 (2.2)
with K0 unchanged. That is, in K space Z2 is a rotation by pi around the third axis. Using (1.2) and (1.4) we
see that Z2 is a symmetry of the potential V if and only if
ξ =
 00
ξ3
 , η =
 00
η3
 , E =
η11 η12 0η12 η22 0
0 0 η33
 . (2.3)
Eventually, by a change of basis, we can achieve the following form for the parameters of the Higgs potential
Z2 : ξ =
 00
ξ3
 , η =
 00
η3
 , E =
 µ1 0 00 µ2 0
0 0 µ3
 . (2.4)
A basis-invariant characterisation of this symmetry class is that both ξ and η are proportional to one and the
same eigenvector of E.
• The Peccei–Quinn transformation U(1) is defined as [33–35](
ϕ1
ϕ2
)
→
(
e−iα 0
0 eiα
)(
ϕ1
ϕ2
)
, with 0 ≤ α < pi. (2.5)
In K space we get via (1.3) K1K2
K3
→
cos(2α) − sin(2α) 0sin(2α) cos(2α) 0
0 0 1
K1K2
K3
 . (2.6)
That is, the U(1) transformations correspond to rotations around the third axis.
The potential V is Peccei-Quinn symmetric if and only if there is a basis for which the parameters are
U(1) : ξ =
 00
ξ3
 , η =
 00
η3
 , E =
µ1 0 00 µ1 0
0 0 µ3
 , (2.7)
as we easily see, combining (1.2), (1.4), and (2.6). Here a basis independent formulation is that two eigenvalues
of E must be degenerate and both vectors ξ and η must be proportional to the eigenvector corresponding to
the remaining third eigenvalue of E.
6• The U(2) transformations in field space are given by
ϕi(x)→ Sijϕj(x), i = 1, 2, (2.8)
with S = (Sij) ∈ U(2). In K space this corresponds to
K→ R K, with R ∈ SO(3). (2.9)
The Higgs potential, invariant under all such transformations, has parameters
U(2) : ξ =
 00
0
 , η =
 00
0
 , E =
 µ1 0 00 µ1 0
0 0 µ1
 . (2.10)
Formulated in a basis-independent way we have ξ = 0 and η = 0 and E proportional to the unit matrix.
Now we come to the models which have generalized CP symmetries of the different types (1.16).
• The CP1 transformations with standard form θ = 0 in (1.15) correspond in K space to reflections on planes in
addition to the parity transformation of the argument. By a suitable basis change, any CP1 reflection can be
rotated to occur on the 1–3 plane, as given in (1.13). The parameters of a Higgs potential, invariant under a
CP1 transformation, can, with a suitable basis change, always be brought to the form
CP1 : ξ =
 ξ10
ξ3
 , η =
 η10
η3
 , E =
 µ1 0 00 µ2 0
0 0 µ3
 . (2.11)
Formulated in a basis-independent way this means that ξ and η must be orthogonal to one and the same
eigenvector of E.
• Generalized CP transformations of type CP2 correspond in K space to the point reflection at the origin in
addition to the parity transformation of the argument,
K(x)→ −13K(x′). (2.12)
Therefore, the Higgs potential parameters with this symmetry are, in a basis where E is diagonal [11, 21],
CP2 : ξ =
 00
0
 , η =
 00
0
 , E =
 µ1 0 00 µ2 0
0 0 µ3
 . (2.13)
The basis-independent requirement is here ξ = 0 and η = 0.
• Finally, the generalized CP transformations of type CP3 correspond in K space to improper rotations R¯ in (1.18)
with 0 < θ < pi/2 in addition to x→ x′. The Higgs potential, invariant under CP3, has the parameters
CP3 : ξ =
 00
0
 , η =
 00
0
 , E =
 µ1 0 00 µ2 0
0 0 µ1
 . (2.14)
The basis-independent formulation reads here ξ = 0 and η = 0, and two eigenvalues of E degenerate.
The impact of the six classes on the parameters in terms of the fields is given in Table I, for a specific basis choice.
The first three may be obtained from family symmetries alone. The next three may be obtained from GCP symmetries
alone. The CP2 entry is presented in a very specific basis mentioned by Davidson and Haber [21]. For Z2, λ5 may be
made real without loss of generality. In appendix A we discuss cases where two symmetries are imposed simultaneously.
The models Z2, U(1), U(2), CP1, CP2, and CP3 discussed so far obey exact symmetries. We shall also consider the
case that these symmetries are broken by including all possible Higgs-potential terms of dimension two. This is known
as soft breaking of the symmetry. Soft-breaking terms arise for instance if we consider a THDM as an effective model.
For example, in the minimal supersymmetric extension of the Standard Model (MSSM), supersymmetry is broken
by imposing soft-breaking terms. In this way mass degeneracy of the particles and their superpartners is avoided.
7TABLE I: Impact of the symmetries on the coefficients of the Higgs potential in a specific basis. See Ref. [29] for more details.
symmetry m211 m
2
22 m
2
12 λ1 λ2 λ3 λ4 λ5 λ6 λ7
Z2 0 real 0 0
U(1) 0 0 0 0
U(2) m211 0 λ1 λ1 − λ3 0 0 0
CP1 real real real λ6
CP2 m211 0 λ1 real 0 0
CP3 m211 0 λ1 λ1 − λ3 − λ4 (real) 0 0
Another example is the next-to-minimal supersymmetric Standard Model (NMSSM), wherein the µ term is generated
by the vacuum expectation value of a singlet field. For a review of the NMSSM see, for instance, [38]. If the first
symmetry breaking occurs at an energy scale vs considerably larger than the electroweak scale v0, we obtain below the
scale vs an effective THDM with soft-breaking terms [39]. This type of NMSSM model is in fact a particular example
of theories containing two doublets and additional singlet fields where the latter acquire vevs and in this way produce
a low-energy effective theory analogous to the softly-broken THDM’s discussed here. In general, soft breaking of a
symmetry is employed in order to avoid unwanted massless Goldstone modes in case the symmetry is continuous or in
order to avoid the domain-wall problem in case of a discrete symmetry. A further motivation to consider soft breaking
is as follows. Theories with a softly broken symmetry preserve under at least one-loop renormalization whatever
relations between the quartic parameters were imposed by the exact symmetry.
In theories with general soft breaking, m211, m
2
22, Re(m
2
12), and Im(m
2
12) in the potential (1.1) do not vanish and
bear no relation to each other. According to (1.5), this corresponds in K space to a non-vanishing vector
ξ =
 ξ1ξ2
ξ3
 . (2.15)
Thus, in the following we shall study THDM’s with softly broken Z2, ..., CP3 symmetries, that is, THDM’s where the
parameters η and E are for the various classes as in (2.4), (2.7), (2.10), (2.11), (2.13), (2.14), respectively, but ξ is
left arbitrary.
3. CP PROPERTIES
The main reason why T.D. Lee introduced the THDM in 1973 [1] was precisely because one could have spontaneous
CP breaking in the model. In fact it is well known that spontaneous CP breaking occurs in the Z2 model with soft
breaking [36] or in the CP1 model, but that it cannot occur in the unbroken Z2 and U(1) cases; see, for instance, [4, 6].
In this section we will show that the powerful bilinear formalism, coupled with the equally powerful basis-invariant
methods, allows us to investigate CP breaking, explicit or spontaneous, for all symmetry-constrained THDM Higgs
potentials discussed in the last section. As we will see this is possible for the most part, even without computing the
vacuum-expectation values. We must however emphasize that in the following discussion of the various models we
always assume that the parameters (1.5)–(1.7) of the potential are chosen such that we have stability and a neutral
vacuum different from 〈K˜〉 = 0.
We note that we have obtained numerical examples with these properties for each case discussed below. Since the
conditions for the CP symmetries (1.21)-(1.24), (1.25)-(1.27) are basis independent, we can apply them to models
given in any basis. We use this freedom to consider the models in convenient bases – for instance in bases where
the parameter matrix E is diagonal. Since the conditions are not affected by a change of basis the results hold for
the models basis independently. It is also straightforward to formulate the results written down below in the basis
where E is diagonal in an explicitly basis-invariant way: clearly, the eigenvalues of E are basis-invariant quantities.
Furthermore, suppose that we use the components ξ1, ξ2, ξ3 of the vector ξ in the E-diagonal basis. In a basis-
independent formulation these components of ξ are the projections of ξ onto the normalized eigenvectors of E. The
same holds for these components of the other vectors, η and 〈K〉. In the following explicitly basis-independent
formulations are always easily obtainable in this way.
8The U(2) model
Explicit CP breaking
In the unbroken U(2) model we have ξ = η = 0, thus from (1.21)–(1.24) follows I1 = I2 = I3 = I4 = 0, that is, we
have explicit CP conservation. Even in the soft breaking case, with ξ arbitrary, we find from η = 0 with (1.21)–(1.24)
immediately that I1 = I2 = I4 = 0. Moreover, since the matrix E is proportional to the identity, the vector Eξ is
parallel to ξ and thus, from (1.23), we also obtain I3 = 0, with or without soft breaking terms. We find that there is
at least one explicit CP symmetry in the U(2) model, even in the presence of the soft-breaking terms.
Spontaneous CP breaking
Since η = 0 we have J1 = J3 = 0 and since ξ and Eξ vanish for the exact symmetry and are parallel in the
soft-breaking case, J2 is also zero, as can be seen from (1.25) to (1.27). Hence, at least one CP symmetry is conserved
by the vacuum, even if we take the most general soft breaking terms into account.
The CP3 model
Explicit CP breaking
The main difference with regard to the U(2) model is that now E is not proportional to the identity – only two of the
eigenvalues are degenerate. The unbroken CP3 model implies that η = ξ = 0, so we get here I1 = I2 = I3 = I4 = 0.
Let us turn to the softly broken case with a non-vanishing vector ξ. Since η = 0, we find immediately I1 = I2 = I4 = 0.
The invariant I3 reads in any basis with a diagonal matrix E
I3 = ξ1 ξ2 ξ3 (µ1 − µ2)(µ2 − µ3)(µ3 − µ1). (3.1)
From the degeneracy of two eigenvalues of E follows that I3 = 0. We see this also directly from (1.23). Because E has
two degenerate eigenvalues the vectors ξ, Eξ, E2ξ lie in one plane, that is, the triple product in I3 vanishes. Thus,
the CP3 model is explicitly CP conserving, even in the softly broken case [42].
Spontaneous CP breaking
In the unbroken model we have η = ξ = 0 and get immediately from (1.25) to (1.27) that all J ′s are zero. In the
softly broken case, with ξ arbitrary, we still have η = 0, that is, J1 and J3 are zero. Since µ1 = µ3, we may perform
a basis transformation such that ξ3 = 0, leaving η and E unchanged. With this simplification, J2 is given by
J2 = ξ1ξ2(µ2 − µ1)〈K3〉. (3.2)
In order to derive further conclusions we look at the stationarity conditions (1.30). We get explicitly
〈K0〉(η00 − u)
〈K1〉(µ1 + u)
〈K2〉(µ2 + u)
〈K3〉(µ1 + u)
 = −12

ξ0
ξ1
ξ2
0
 . (3.3)
For the case µ1 + u 6= 0 there is only a solution for 〈K3〉 = 0. On the other hand, for µ1 + u = 0, we get ξ1 = 0. Thus
we see from (3.2) that in either case the condition J2 = 0 is fulfilled. Hence, for the unbroken and softly broken CP3
model, there is at least one CP symmetry respected by the vacuum.
The U(1) model
Explicit CP breaking
Consider first the exactly symmetric model with parameters (2.7). The vectors η and ξ are not zero, but they are
parallel to each other, as are Eη and Eξ. This means that all the I ′s are zero, as is easy to see from (1.21)–(1.24).
9In the softly broken case, since we have two degenerate eigenvalues in the matrix E, we find that still all I ′s vanish;
see (3.1). Therefore, we have explicit CP conservation with the U(1) scalar potential, even if we take soft breaking
terms into account.
Spontaneous CP breaking
For the unbroken model, since η, ξ, Eξ, Eη are parallel, all J ′s are zero. For the softly broken U(1) case we can,
without loss of generality, go into a basis with ξ2 = 0. We get then for the J
′s from (1.25) to (1.27)
J1 = −ξ1η3〈K2〉, J2 = ξ1ξ3(µ1 − µ3)〈K2〉, J3 = 0. (3.4)
Therefore, we need to look at the vacuum properties before we can reach further conclusions. Employing again the
stationarity conditions (1.30), we get 
〈K0〉(η00 − u) + 〈K3〉η3
〈K1〉(µ1 + u)
〈K2〉(µ1 + u)
〈K3〉(µ3 + u) + 〈K0〉η3
 = −12

ξ0
ξ1
0
ξ3
 . (3.5)
This means that we get for µ1 + u 6= 0 directly 〈K2〉 = 0 and for µ1 + u = 0 we have ξ1 = 0. We see from (3.4), that
in either case all J ′s are zero and we have at least one CP symmetry which is preserved by the vacuum.
The CP2 model
Explicit CP breaking
Here, for the unbroken case, η = ξ = 0 implies again that all the I’s are zero, that is, we have explicit CP
conservation, as trivially expected for a CP invariant model. In the softly broken case, with an arbitrary vector ξ,
only I3 as given in (3.1) may be non-zero. In the case of the softly broken CP2 model with non-degenerate eigenvalues
of E, we thus in general do not have explicit CP conservation.
However, in the softly-broken CP2 model it is still possible to choose the soft-breaking parameters such that CP is
explicitly conserved. For instance, in the case that at least one of the components of ξ is zero (in a basis where E
is diagonal) we have explicit CP invariance. It is interesting to consider a few particular cases: if ξ1 = ξ2 = 0 (and
ξ3 6= 0), corresponding to Re(m212) = Im(m212) = 0, then we see from a comparison of (2.13) with (2.4) or from Table I
that the softly-broken CP2 model has a remaining Z2 symmetry (ϕ1 → ϕ1;ϕ2 → −ϕ2). Similarly, if ξ2 = ξ3 = 0 (and
ξ1 6= 0), corresponding to Im(m212) = m222−m211 = 0, then the softly-broken CP2 model has a remaining Π2 symmetry
(ϕ1 ↔ ϕ2, which is simply Z2 in a different basis; see appendix A). Furthermore, if we choose ξ2 = 0 (Im(m212) = 0)
we see from (3.1) that the model will have an unbroken CP symmetry. Note that the cases of degenerate eigenvalues
in the matrix E correspond actually to the CP3 model (maybe in a different basis) or to the U(2) model. All of these
symmetries - Z2, Π2, and CP1 - if exact, imply explicit CP conservation.
Spontaneous CP breaking
For the unbroken case, η = ξ = 0, we see from (1.25) to (1.27) that all J ’s are trivially zero, that is we have
spontaneous CP conservation. For the softly broken model, ξ 6= 0, consider the case of explicit CP conservation, that
is, the case with all I ′s, in particular I3 in (3.1), vanishing. We have then J1 = J3 = 0, and J2 given by
J2 = ξ2 ξ3 (µ3 − µ2)〈K1〉+ ξ1 ξ3 (µ1 − µ3)〈K2〉+ ξ1 ξ2 (µ2 − µ1)〈K3〉. (3.6)
In order to reach further conclusions about the spontaneous breaking behavior we consider the stationarity condi-
tions (1.30), 
〈K0〉(η00 − u)
〈K1〉(µ1 + u)
〈K2〉(µ2 + u)
〈K3〉(µ3 + u)
 = −12

ξ0
ξ1
ξ2
ξ3
 . (3.7)
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We see that for a general solution of the stationarity conditions we do not necessarily find J2 = 0 in the soft breaking
case, that is, we have in general spontaneous CP violation.
Remember that it is sufficient to have one of the components of ξ equal to zero in order to have explicit CP
conservation in the CP2 model. For instance, if ξ2 = 0 and u 6= −µ2, then 〈K2〉 = 0 and J2 = 0. But the solution
u = −µ2 and 〈K2〉 6= 0 is also a possibility, and this corresponds to a vacuum with spontaneous CP violation.
To summarize: a model with exact CP2 symmetry is explicitly and spontaneously CP conserving, that is, at least
one CP symmetry is conserved explicitly and by the vacuum. This was already proven in [11]. For the softly broken
case the parameters can be chosen such as to have explicit CP conservation. For the case of explicit CP conservation
we may have spontaneous CP violation.
The Z2 model
Explicit CP breaking
This case is quite similar to that of the U(1) model: for the unbroken model the vectors η, ξ, Eη and Eξ are all
parallel to each other and, therefore, the I invariants are zero. For the softly broken case we still have I2 = I4 = 0,
I3 is given in (3.1), and
I1 = ξ1 ξ2 η3 (µ1 − µ2). (3.8)
Thus, in general the softly broken Z2 model is explicitly CP violating. But, obviously, in particular cases it is possible
to have explicit CP conservation. For instance, for the case that one of the parameters ξ1 or ξ2 is equal to zero, or that
the two eigenvalues µ1 and µ2 of the matrix E are degenerate, we find from (3.1) and (3.8) that all I
′s vanish. But
one must study whether that reproduces one of the other five symmetry-constrained models. For example, starting
from the softly-broken Z2 model and imposing µ1 = µ2 we recover the explicitly CP conserving softly-broken U(1)
model. Likewise, for η3 = 0 we end up with the softly broken CP2 model. Thus, in studying the Z2 model with soft
breaking and explicit CP conservation we may focus on the cases where either ξ1 or ξ2 is zero.
Spontaneous CP breaking
For the unbroken Z2 model, the vectors ξ, η, Eξ, Eη entering into the computation of the J invariants in (1.25)–
(1.27) are parallel. Thus, all J ′s vanish. The exact Z2 symmetry implies spontaneous CP conservation, as is well
known; see for example [4, 6, 36].
Concerning the softly broken Z2 model suppose that we have explicit CP conservation, that is, the parameters are
such that besides I2 and I4, also I3 (3.1) and I1 (3.8) vanish. As already discussed, we can disregard the cases µ1 = µ2
and η3 = 0 because they correspond to the U(1) and CP2 models. Therefore, we must have ξ1 = 0 or ξ2 = 0. We find
then J3 = 0, J2 is given by (3.6) and
J1 = η3(ξ2〈K1〉 − ξ1〈K2〉). (3.9)
The vacuum solution is determined by
〈K0〉(η00 − u) + 〈K3〉η3
〈K1〉(µ1 + u)
〈K2〉(µ2 + u)
〈K3〉(µ3 + u) + 〈K0〉η3
 = −12

ξ0
ξ1
ξ2
ξ3
 . (3.10)
We see that even in the case where either ξ1 or ξ2 is equal to zero, we still have that J1 and J2 are not necessarily
zero. For instance, for ξ2 = 0, ξ1 6= 0, and u = −µ2, we can obtain 〈K2〉 6= 0, that is, J1 6= 0. Thus, spontaneous CP
violation is possible in softly broken Z2 models, even though it cannot occur in the case of the exact symmetry. This
result is well-known in fact and was shown in [36], where a Π2 symmetry was considered, which is just the Z2 model
in a different basis.
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The CP1 model
Explicit CP breaking
The unbroken CP1 model has vanishing I ′s. It is, by construction, explicitly CP conserving. The softly broken CP1
model arises from the unbroken case by having ξ2 6= 0. We can in addition assume that both η1 6= 0 and η3 6= 0, since
otherwise we get the Z2 case (or the Π2 case, that is, Z2 in a different basis). The explicit CP conditions (1.21)-(1.24)
read then I4 = 0,
I1 = ξ2
[
ξ1η3(µ1 − µ2) + ξ3η1(µ2 − µ3)
]
= 0,
I2 = ξ2η1η3(µ1 − µ3) = 0,
I3 = ξ1ξ2ξ3(µ1 − µ2)(µ2 − µ3)(µ3 − µ1) = 0.
(3.11)
Thus, in general, we will have explicit CP violation in the softly broken CP1 model.
Spontaneous CP breaking
Suppose that CP is explicitly conserved. According to the discussion above this implies that we have the unbroken
CP1 model where ξ2 = 0. The J invariants have then the form
J1 = (ξ3η1 − ξ1η3) 〈K2〉,
J2 = ξ1 ξ3 (µ1 − µ3) 〈K2〉,
J3 = η1 η3 (µ1 − µ3) 〈K2〉.
(3.12)
The stationarity conditions (1.30) are
〈K0〉(η00 − u) + 〈K1〉η1 + 〈K3〉η3
〈K1〉(µ1 + u) + 〈K0〉η1
〈K2〉(µ2 + u)
〈K3〉(µ3 + u) + 〈K0〉η3
 = −12

ξ0
ξ1
0
ξ3
 . (3.13)
We see that a valid vacuum may occur with 〈K2〉 6= 0 with a Lagrange multiplier u = −µ2. Then, the three J ′s do in
general not vanish. Thus, the CP1 model may have spontaneous CP violation. This result was obtained by T. D. Lee
a long time ago [1].
Summary
We present an overview of the CP properties of the six symmetry-constrained THDM’s, with and without soft
symmetry breaking, in Table II, which is the main result of this article. Table II displays the whole gamut of
possibilities of CP breaking in any of the six possible classes of symmetry-constrained THDM’s. As we have seen, it
was possible to obtain these results without the need to determine explicit expressions for the vacuum-expectation
values. Regarding the last two columns, please be aware that any model which can display explicit CP breaking
therein listed can also, through a judicious choice of the parameters, explicitly preserve CP – and, in that case,
develop vacua which spontaneously break CP, which is indicated in the last column.
4. CONCLUSIONS
In this work we have performed a thorough study of the CP breaking properties, both explicit and spontaneous, of
all possible THDM scalar potentials corresponding to any of the six symmetry classes. We also considered the softly
broken models. Our study was performed in a very efficient manner using basis-invariant quantities written in the
bilinear formalism, which simplified the analysis immensely. The results are presented in Table II. This includes some
results scattered through the literature, sometimes only implicitly, as well as our new results. Table II allows us to
draw some general conclusions:
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TABLE II: CP properties of the six symmetry-constrained THDM’s, with and without soft-symmetry breaking. “Yes” means
that it is possible to choose the parameters of the potential such as to enable that particular form of CP violation.
exact softly-broken
symmetry explicit spontaneous explicit spontaneous
CPV CPV CPV CPV
Z2 – – Yes Yes
U(1) – – – –
U(2) – – – –
CP1 – Yes Yes Yes
CP2 – – Yes Yes
CP3 – – – –
• Any exact symmetry prevents explicit CP breaking.
• All the models which possess a continuous symmetry – U(1), U(2), and CP3 – cannot have explicit or spontaneous
CP breaking, even with the most general soft breaking terms.
• All models with discrete symmetries – Z2, CP1, and CP2 – may have explicit CP violation, but they require
soft symmetry breaking terms to make it happen.
• In models with exact symmetries Z2 or CP2 there is no spontaneous CP violation. But we remind the reader
that this only means that at least one CP symmetry is preserved by the vacuum. The unbroken CP2 model has
four GCP symmetries where two are broken and two are unbroken if the theory has the correct EWSB; see [11].
• In the models with softly broken discrete symmetries, Z2 or CP2, we may choose the parameters in a way to
achieve explicit CP conservation. Then these models may have spontaneous CP violation.
• In models with exact CP1 symmetry, spontaneous CP violation is possible as has been known for a long time [1].
Inclusion of soft-breaking terms either violates the CP symmetry explicitly or leads back to the exactly symmetric
case.
We remind the reader that our analysis concerned only the scalar sector, nothing was said about CP violation in
the Yukawa sector. There one can have explicit CP violation even if the scalar potential is explicitly CP conserving
(the SM is a prime example of this). Also, a Lagrangian where the Higgs potential preserves CP explicitly and
spontaneously may well break CP spontaneously in the fermion sector. An example of this unusual phenomenon was
found in [37].
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Appendix A: Multiple Higgs-family symmetries
In [29] it was shown that the simultaneous imposition of two Higgs-family symmetries corresponds in a certain basis
to another Higgs-family symmetry in some cases. Here we want to show these results and similar ones in terms of the
bilinear formalism [8, 11]. But let us first recall the Π2 transformation
ϕ1 ↔ ϕ2 (A.1)
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which corresponds in K space to a rotation by pi around the first axisK1K2
K3
→
1 0 00 −1 0
0 0 −1

K1K2
K3
 . (A.2)
Clearly, by a basis change Π2 is equivalent to Z2, (2.2).
Now we discuss some cases of multiple symmetries:
• Simultaneous U(1) and CP3 symmetries. From (2.7) and (2.14) we see, that in the basis chosen there both
symmetries combined give the U(2) model (2.10). Thus, we confirm that in a certain basis U(1)⊕CP3 = U(2).
• Next we introduce the Π2 symmetric model, which, by a basis change, is equivalent to Z2:
Π2 : ξ =
 ξ10
0
 , η =
 η10
0
 , E =
 µ1 0 00 µ2 0
0 0 µ3
 . (A.3)
Applying simultaneously U(1) and Π2 we get
ξ =
 00
0
 , η =
 00
0
 , E =
 µ1 0 00 µ1 0
0 0 µ3
 . (A.4)
This is, by a basis change, the CP3 model (2.14). We thus confirm U(1)⊕Π2 = CP3 in a certain basis.
• Applying simultaneously Z2 (2.4) and Π2 (A.3) we get immediately CP2 (2.13). That is we confirm Z2 ⊕Π2 =
CP2 in a certain basis.
In a similar way we can show that Z2⊕CP1 = CP2, U(1)⊕CP1 = CP3, U(2)⊕CP2 = CP3, U(1)⊕U(1)′ = U(2),
and CP3⊕ CP3′ = U(2) in certain bases.
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